This paper adapts a new numerical technique for solving twodimensional fractional integral equations with weakly singular. Using the spectral collocation method, the fractional operators of Legendre and Chebyshev polynomials, and Gauss-quadrature formula, we achieve a reduction of given problems into those of a system of algebraic equations. We apply the reported numerical method to solve several numerical examples in order to test the accuracy and validity. Thus, the novel algorithm is more responsible for solving two-dimensional fractional integral equations with weakly singular.
Introduction
Integral equations has an important role in many applications in various areas, including mathematical chemistry, electrochemistry, physics, semi-conductors, seismology, scattering theory, heat conduction, uid ow, metallurgy, population dynamics and chemical reaction [1] - [6] . Fractional calculus provides high accuracy in modeling many engineering and physical phenomena, such as anomalous transport [7] , economics [8] , bioengineering [9] and others [10] - [15] . As the increasing of employing fractional dierential and integral equations in many social and scientic elds, the main challenge we confront is that obtaining solutions for them. Unfortunately, for most of these fractional problems, no one able to achieve analytic solutions for such problems. Therefore, the creation, improvement and development of numerical methods for solving fractional problems have received considerable attention in recent years [16] - [23] .
In recent three decades, spectral methods (see [24] - [33] ) are often ecient and highly accurate numerical schemes when compared with other local schemes. The main characteristic of the spectral methods is the exponential rate of convergence. In addition, they also have a high level of accuracy. From the overview of methodology, the spectral method has been classied into four kinds namely collocation [34] - [40] , tau [41, 42] , Galerkin [43] and Petrov-Galerkin [45] methods. In spectral collocation method, we enforce the numerical solution to almost satisfy the mentioned problem as closely as possible. Thus, the residuals may be allowing to be zero at specic collocation nodes [46, 47] .
The main aim is to develop a numerical method for solving two-dimensional fractional integral equations. Utilizing the spectral collocation method with some properties of the left-sided mixed Riemann-Liouville integral of order ν and combination between shifted Legendre polynomial and shifted Chebyshev polynomial, we reduce such problems into a system of algebraic equations which greatly simplies the problem. Finally, we implement this technique to achieve approximate solutions for numerous examples for the present problems to ensure that the proposed spectral algorithm is accurate and ecient compared with alternative methods.
The outline of the paper is arranged as follows. We present few properties of fractional calculus, shifted Legendre polynomial and shifted Chebyshev polynomials in the next section. In Section 3, we introduce the novel method for solving two-dimensional fractional integral equations with weakly singular. Numerical examples and simulations are presented in Section 4 to show the accuracy and eectiveness of the proposed underlying method. In the last Section, some observations and conclusions are introduced. 
where
2.1. Denition. [15, 21] The next equation dene Riemann-Liouville fractional deriva-
where m is the ceiling function of µ > 0.
Denition. Let
, and α = (0, 0), the left-sided mixed Riemann-Liouville integral of order ν of u is dened as [11, 12] 
the properties of left-sided mixed Riemann-Liouville integral:
2.2. Shifted Legendre Gauss-Lobatto interpolation. In this subsection, we list some approximation results for the shifted Legendre Gauss-Lobatto (SL-GL) interpolation. The Legendre polynomials P k (x) (k = 0, 1 . . .) satisfy the Rodrigue's formula [48, 49, 50] is given by
) .
Next, denoting by u and (u, v) the norm and inner product of space
where hi = 2 2i+1 and δ jk is the Dirac function. Thus for 1] be the set of all polynomials of degree at most N (N ≥ 0). Thus, for
are denoted to the nodes and Christoel numbers of Legendre Gauss-Lobatto (L-GL) interpolation on the classical interval [−1, 1], respectively. The norm and discrete inner product are dened as
Let us denote by P L,k (x) the shifted Legendre polynomials which dened on the interval [0, L]. These polynomials can be engendered from the recurrence relation:
The analytic form of PL,i(x) may be written as
The orthogonality condition is
Then one can express it by means of PL,i(t) as
where ci is given by
In the approximation u(x) may be expanded as
ciPL,i(t).
Shifted Chebyshev Gauss-Radau interpolation. The Chebyshev polynomials
dened on [−1, 1] fulll the following recurrence formula
, the we introduce the following norm and inner product of the
The set of Chebyshev polynomials satises:
Now, we dene the following norm and discrete inner product
Let us denote by TT,n(t) the shifted Chebyshev polynomials which dened on the interval [0, T ]. The analytic form of TT,n(t) is obtained from
where TT,n(0) = (−1) n and TT,n(T ) = 1. The expression of the orthogonality condition read as
As in the previous subsection, if u(t) ∈ L u(x, t) =
where g(x, t) denotes a given function, and u(x, t) represents the unknown function. Adopting (2.4), the integral equation (3.1) is transformed to the fractional integral equation as:
The use of the spectral collocation method based on shifted Legendre and shifted Chebyshev polynomials requires to approximate u(x, t) as
In virtue of (2.7), (2.15), and (2.24), we can express the fractional integration of order ν of any shifted Legendre polynomial and shifted Chebyshev polynomial PL,j(x)Tτ,i(t) as (3.4)
therefore, easily we can write
Therefore, adopting (3.2) with (3.5), we can write (3.1) in the form:
Now we utilized the spectral collocation method by setting the residual of the previous equation to be zero at the (N + 1) (M + 1) collocation points, namely:
. Thus, we get:
We recall that we can easily solve the obtained system of algebraic equations.
Numerical results
To demonstrate the eectiveness of the proposed method in the present paper, three test examples are carried out in this section. The comparisons of the numerical results detect that the present algorithm is very appropriate and eective. The numerical results obtained in this paper are computing by means of mathematica program. The absolute error (AE) is dened as
where u(x) and uN (x) are the exact and the approximate solutions at the point x, respectively. While, the maximum absolute errors (MAE) is given by (4.2) MAE = Max{E(x)}.
1. Example. Consider the following problem
where f (x, t) is a given source term such that the exact solution is u(x, t) = x 2 (t 2 − t). Table 1 lists the results obtained by the technique explained in Section 3 in terms of the AEs with dierent choices of N and M . We observe very highly accurate results are listed in Table 1 . The space-graph of the AE E(x, t) of Example 1 for N = M = 8, is displayed in Fig. 1 . u(x, t) = f (x, t) +
where f (x, t) is extracted from the exact solution u(x, t) = x 2 − t.
To test the convergence rate of our method, we list absolute errors in Table 2 . The results show that we obtain a numerical solution with better accuracy with far fewer nodes. Also, we can observe that our numerical solutions coincide closely with the exact ones. Figs. 2, 3 show the space-graphs of AE E(x, t) of Example 1 for N = M = 4 and N = M = 8, respectively. In the case of N = M = 4, the absolute error curve in t-and x-direction of Example 2 are shown in Figs. 4 and 5, respectively. 3. Example. We discuss the following problem
and f (x, t) given by the exact solution u(x, t) = x − t.
The AEs for example 3 are listed in Table 3 . The obtained results show that the proposed method is simple and very accurate numerical scheme for solving several mathematical physics problems. 
Conclusion
In this work, a spectral method for solving two-dimensional fractional integral equations with weakly singular based on left-sided mixed Riemann-Liouville integral of order ν were presented and developed. Using combination between shifted Legendre polynomials and shifted Chebyshev polynomial as basis functions of the spectral collocation method and the Gauss-quadrature formula, the two-dimensional fractional integral equations with weakly singular is reduced into a problem consisting of easily solvable system of algebraic equations. During three numerical applications, we ensure that the present method is simple and very accurate numerical scheme for solving several mathematical physics problems. Very accurate numerical results are reported by using a limited number of nodes.
